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Interface Fluctuations for the D =1 Stochastic
Ginzburg-Landau Equation with Nonsymmetric
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We consider a Ginzburg-Landau equation in the interval [ —g~!, ¢71], £>0,
with Neumann boundary conditions, perturbed by an additive white noise of
strength \/a_ , and reaction term being the derivative of a function which has two
equal-depth wells at 1, but is not symmetric. When ¢=0, the equation has
equilibrium solutions that are increasing, and connect —1 with +1, We call
them instantons, and we study the evolution of the solutions of the perturbed
equation in the limit ¢ - 0%, when the initial datum is close to an instanton. We
prove that, for times that may be of the order of ¢!, the solution stays close
to some instanton whose center, switably normalized, converges to a Brownian
motion plus a drift. This drift is known to be zero in the symmetric case, and,
using a perturbative analysis, we show that if the nonsymmetric part of the reac-
tion term is sufficiently small, it determines the sign of the drift.

KEY WORDS: Stochastic PDEs; interface dynamics; infinite-dimensional
processes.

INTRODUCTION

We consider a stochastic perturbation of the one dimensional Ginzburg-
Landau (G-L) equation with Neumann boundary conditions (N.b.c.) in
the interval [ —e~!, ¢~'], where ¢ is a parameter that will go to zero. The
potential term is a double well function V with equal minima at +1, and
the stochastic perturbation is given by a space time white noise, with inten-
sity \/E The two minima of the potential give rise to two equilibrium
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homogeneous solutions of the G-L equation, the constant functions identi-
cally equal to +1. They are stable, and there are several other equilibrium
configurations, all of them unstable. The more stable ones are + ¢, where
#® is an increasing function of the spatial variable x, which is close to 1
if x is close to ¢! and to —1 if x is close to —e~!, for ¢ small. The
associated unstable manifolds have dimension 1, and the flow on it consists
on a pair of orbits connecting ¢'® with the functions +1, as ¢t — co. The
corresponding eigenvalue goes to zero with ¢, and the motion along this
manifold is in consequence very slow (see refs. 4 and 13).

Reaction diffusion equations like the G-L equation appear when
modelling phenomena such as phase transitions and evolution of interfaces
(see for instance refs. 2, 3 and 11 and the references therein for physical
motivations), and a natural question is then how the motion along the
unstable manifold of + ¢ (that corresponds to the interface) is affected by
the noise. In refs. 1-3 and 11, the behaviour as ¢ —» 0% of the solution of
the perturbed G-L equation was investigated, when the initial condition is
close to ¢°. Roughly, it was shown that this solution is, at time T,, very
close to ¢®)(x + \/g Bz,), where B, is a Brownian motion. In ref. 2, T, can
be the order of ¢!, This is the typical time needed to see a finite shift, and
it results much shorter than that needed for the equation without noise. In
ref. 3 this result was extended for times that may grow as £ %, when the
length of the interval also is of the order of an inverse power of ¢. In both
cases, the potential term ¥ was supposed to be symmetric, and the iden-
tification of the asymptotic behaviour of the displacement relies on that
symmetry. The techniques of Funaki in ref. 11 are different (also the result
and the setup are slightly different), but he also requires this symmetry, and
he posed the problem of investigating what is, if any, the effect of a defor-
mation on the form of the wells of V, still if they have the same depth.

We prove here that, in the time scale ¢!, if the potential ¥ is nonsym-
metric, the solution of the stochastic G-L equation has a drift along the
unstable manifold of ¢®. That is, the configuration with initial condition
close to ¢'® is, at time ¢~ 't, close to ¢®)(x+ B, — ft), for some f, whose
sign, at least for a sufficiently small deformation, depends on an explicit
integral of the nonsymmetric part (see Theorem 1.1 for a precise state-
ment).

In Section 1 we introduce precisely the model, recall the results quoted
here, and state our result (Theorem 1.1). Using the techniques in ref. 2, it
is not difficult to guess what the drift § should be, and to prove that the
shift is given by a Brownian motion plus this drift. This is done in Section 2,
But it is not clear how to conclude from the expression of § we obtain,
that it is not zero. In Section 3 we compute the derivative of § with respect
to 4 at A=0, where A is the parameter that controls the deformation. This
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derivative is given in terms of the trace of the operator of the linearized
symmetric G-L equation (see Lemma 3.1). After computing this trace, we
are left with an expression for the derivative that yields, for small deforma-
tions, the sign of the drift.

The problem of studying the motion of the travelling front if we add
a small linear factor to the potential can also be treated with the same
techniques. In this case, the wells are not of equal depth, and there is a
travelling wave instead of the instanton. It can be seen that there is an
extra velocity term, but up to now we are not able to deduce, from the
expression for this velocity, whether it is against or in the same sense as the
velocity of the front for the equation without noise.

1. PRELIMINARIES AND STATEMENT OF THE MAIN RESULTS

We consider the family of processes given as solutions of the initial
value problem for the stochastic partial differential equation

2
=—T—V’(m,)+\/goc, t>O xe[—a_laa_l] (11)

with Neumann boundary conditions (N.b.c.) in the interval [ —¢~', &7 '],
where ¢ is a small parameter that will go to zero. The term a = a(t, x) is a
standard space-time white noise, and V" is the derivative of the real valued
function ¥,

4 2

V(m)=mT—m7+M"(m) (12)

where I' is a smooth positive function with support contained in (0, 1), and
A€[0, 1] is a parameter so small that V has two equal absolute minima at
+1. We think of ¥ as a nonsymmetric perturbation of the polynomial
Vo(m) =m*4 —m?/2.

We say that m, is a solution of (1.1) with initial condition m, if it
satisfies the integral equation

-1 t g1

m(x)=] Ay HO y o)~ [ ds[  dy HE (5, 3) Viimy»)

—& —&

f e~}
+Vef ds|  dyals,y) HE (x.9)

=0, xe[—e e ] (1.3)
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where H'® is the heat operator with N.b.c. in [ —&~ ', ¢~'] and H!¥(x, y)
is the corresponding kernel. The stochastic integral has to be understood in
the sense of ref. 15 and

x)—f ds[ dy afs, y) H® (x, y) (1.4)

is a Gaussian process with Holder continuous paths (see ref. 15 for details).
If m, is continuous and satisfies N.b.c., there exists a unique continuous
solution of (1.3), as follows from ref. 8. In the sequel we will denote it
by m,.

In the case ¢=0, equation (1.1) is a deterministic evolution equation
in R, known as Ginzburg-Landau equation, which admits a stationary
solution ¢(x) satisfying

¢II

T=V(9),  Hroo)=1l] (1.5)

and the centering condition
$(0)=0 (1.6)

(We are using f* to denote the derivative of a function f.)
We call ¢ the instanton. Note that the translates

Py (%) = (X — Xo), xo€R (L.7)

satisfy (1.5) so they are also stationary solutions of the G-L equation in R.
Set

1

p=(J @) (18)

and, for any function f; let

IfI=sup [f(x)] and  |fl.= sup  |f(x)l (L.9)

xeR xe[—eLe 1]

Before stating our result, we need to introduce the kernel g(x, y, t), which
is the fundamental solution of the linearization of the G-L equation around
the instanton,

du . 1 9% ;
E—Lu with LZEﬁ— V (¢xo)
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Theorem 1.1. Let m, be the solution of equation (1.1) with initial
condition m,. Let {€(0, 1) and suppose that m, is continuous, satisfies
N.b.c. and

mg— ¢ l.<\/e  forsome x, with |xo|<(1—¢) e~

Then, there exists a process &, in D([0, T]), adapted to m,, such that

lim P< sup lmx)— ¢, (x—&) <& Vt<8_1T>=l (1.10)
e—07" xe[—a~Le 1]

for any given T> 0, and
X§ =&, 1, (1.11)
converges weakly in D[0, T]) to
X,=W,+pt (1.12)
where W, is a Brownian motion starting from 0 and
E[(W1)*]1=p

with p as defined in (1.8), while the drift § is finite and given by
_p « ’ ’ 2 4 "
p=y | dt[dx [ gty 0 —pp (D F D H@ VGG (1L13)

Finally (recall that § = (1)), we have that

g 2Tt LW L s
=3 jo du(l_u2)3u2(1 u) (1.14)

Remark. The constant p defined in (1.8) is the mobility for the
deterministic G-L equation computed by Spohn, see Eq.(4.7) in ref. 14.
The expression (1.13) for § could be simplified by using the identity (2.39)
given below. To stress the fact that it is finite, and for later purposes, we
prefer to keep it in this form. Finally, we recall that § coincides with the
constant «, appearing in Funaki, ref. 12, p. 148.
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To explain how the process &, is defined, we recall the definition of
center of a function, introduced in ref. 2 for 4=0.

Definition 1.2. Given me C(R), we say that x, is the center of
m if

[ dxtm(x) = () ¢ x) =0

The connection of this definition with the G-L equation will be more
clear later, by the moment let us just recall that the center of ¢, is x,,
which is the point where ¢, =0. For functions that are close to some
instanton, the center is well defined. The precise statement is given in the
next lemma.

Lemma 1.3. Let me C(R), with |m| <2, and {e(0, 1) be given,
Then, there exists ¢ > 0 such that, if

m—¢.ll.<9

for some x, satisfying |xo] <(1—") e ! for some ' €({, 1), then m has a
center £, which is unique in the set {x: x| <(1 —{)¢~'}. Moreover, there
exists ¢ >0 such that

Ixo—&l <cllm—g, |, +e).

Finally, if me Cx(R) (see (2.1) below), then m has a unique center ¢
in the whole interval [ —e~ !, &~ !].
Now we set, as in ref. 2,

Definition 1.4. Given me C(R), we define the function &(m) as the
center of m in case m satisfies the conditions of Lemma 1.3 for some
(e (0, 1) and we say that &(m) is “proper”. Otherwise we set &(m) =0 and
we say that it is not proper. We define

¢, =<&(my). (1.15)

As we will explain later, the process m, has a proper center with prob-

ability going to 1 as ¢ — 07, up to times ¢ of order ¢~ !.
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Remark. A result analogous to Theorem 1.1 was obtained in ref. 2
in the symmetric case, that is, when A =0. In that case, the drift =0, and
the limiting process X, is a Brownian motion. In fact, the proof of (1.10)
given in ref. 2 for the case 2 =0, with the process &, defined as above can
be adapted to our case. But the symmetry of V,, is crucial in ref. 2 to iden-
tify the limiting law of X’¢, and it was not clear, at least for us, if # was dif-
ferent from zero for some choice of I, and the way was to compute the first
term of an expansion of f§ in A. Observe in fact that, from (1.14), one con-
cludes that if I' is positive, then f is positive (for small 1), which is not
obvious only from (1.13). Also Funaki,'V requires that ¥} is odd, and the
drift that appears in his result comes out from the fact that he considers a
non-homogeneous noise.

2. PROOF OF THEOREM 1.1: FIRST PART

For proving Theorem 1.1, we linearize the equation (1.1) around the
instanton, and use its stability with respect to the same equation (1.1)
in R, as in refs. 1-3. It is then convenient to extend the process m, to R,
and to consider several integral equations equivalent to (1.1). We will
mention here these equations for completeness, the proofs and details can
be found in Section 2 of ref. 2.

For any continuous function f defined on the interval [ —e~!, e~ '],
we denote by f the extension of f to a function on the whole R obtained
by successive reflexions around the points (2n+1)¢e~", neZ and we call
Cy(R) the space of functions so obtained, that is

Cn(R)={f: R—> R: f is continuous and invariant by

reflexions around the points (2n+ 1) e~!, ne Z} 2.1

Consider then the integral equation
t
m, = H,m, —j dsH,_,V'(m)+/e Z, (20, xeR (22)
1]

where H, is the heat operator in R, and the last term Z, is really Z,, with
the process Z, defined as in (1.4). Equation (2.2) has a unique continuous
solution m, if the initial datum m, is bounded and continuous. Given m,
defined in [ —&~!, ¢~!] and satisfying N.b.c., m, is a solution of (1.3) with
initial datum m, if and only if its extension to R, #i,, solves (2.2), with
initial condition and noise being the extensions of m, and Z, respectively.
In case mye Cp(R), we have thus two ways of representing the process m,,
one as the restriction to [ —&~1, 67 1] of the solution of (2.2), and the other
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as the solution of (1.3). In general we will not use “and denote by the same
symbol a function in Cy(R) and its restriction to [ —&~!, e~!].

Let us now introduce another integral equation, that results from
linearizing the G-L equation around the instanton. If we expand V'(m,)
around ¢, , and use the fact that ¢, is stationary for the G-L equation,
we obtain from (2.2) that m,— ¢, satisfies the equation

(1= $.)(3) = [ dy a5, y2 ) ol )= [ s [dy g, 321 =5)

X (V'(m) — V() — V(S )m,— b V) +/e Z,,
(2.3)

where &x(X », 1) is the fundamental solution of

ou . 1 &2
L, u with Lxﬂ=§a—x2

5=Ls, —V"(4y)

The process ZXO is the extension (as a function of Cy(R)) to R of the
Gaussian process given by

n t g~
Zon=[ds| dyaisy)
X ) (e y+dke™ ! t—5)+ g, (x, dke ™ +2e7 — y, 1 —5))
kez (24)

Finally, the following result is a consequence of the operator L, having a
spectral gap. We refer to refs. 2 and 9 for details.

Lemma 2.1. There are y>0 and ¢>0 such that, for any con-
tinuous bounded function f and any x,e R,

| g =) 8100 1100

[>e]

Lce™”

f=pd, | dx 8 (x) f(x)

x©

Let us again remark that (1.10) follows from the proof of the corre-
sponding result for A=0 given in Theorem 3.6 of ref. 2, which does
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not depend on the symmetry. Consequently, to prove the first part of
Theorem 1.1, we only need to show that

X X, (2.5)

for X% and X, as defined in (1.11) and (1.12), with 8 in (1.13). We need a
preliminary lemma. In (2.42) below we will fix T,, by the moment just
recall that it is of the form &¢~% with @ small and positive.

Lemma 2.2. Given (>0, let m, be the solution of (1.3) with initial
condition my=¢,,, for some |x,| <(1—{/2) &~'. Then, for any positive p,
there exists a positive constant c, such that

E|5T6—~x0|"<cp(3Te)’/2 (2.6)
and, given a small, there exists a positive constant k£ > 0 such that
|ES 7, —xo— BT, | <kTRgl—e (2.7)

The estimate (2.6) follows from Lemma 4.2 of ref. 2, since the proof given
there works also for nonsymmetric potentials. In that lemma it is also given
an estimate for |E{z, — x,|, which is stronger than that given in (2.7) for
|E 7, — xo— PeT,|. The symmetry of V is crucial for that, and the corre-
sponding result is no longer valid in our case. However (2.7) is enough for
our purposes.

Proof of Lemma 2.2. According to the above discussion, we only
need to prove (2.7). In the sequel we denote by k;, i=1,2,.., suitable
positive constants. Define, for each positive 6 and x, as in the statement,
the set

S,,(0) = {me Cy(R): |mll <2, |m— ¢, |, <3} (2.8)

We know (see Lemma 1.3) that, if J is sufficiently small, any function
me S, (9) has a unique center ¢ in the interval [ —¢ ', ¢7']. In that case,
& — x, is the unique zero in [ —¢™', ¢~!] of the function

Cly) = dx[m(x) — (X = 1)1 fx = 7)

In other words, given me S, (J), if ¢ is sufficiently small, its center is
defined through

&—xo=C"}0) (29)
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The function C~! is differentiable at the point 0. Indeed, we have (recall

the definition (1.8) of p),
(CTH(0)=(C'"(¢ —x)) !

=[] s #0007 [ atmt) = et 010)| B

1 -1
|~ [t =01 00| (2.10)
Since
() — B6)] < () = )]+ I6) = )
SO+ky|xo~¢l<d+kd

and ¢% (x) converges to zero exponentially as x - + oo, see ref. 9, it is clear
from (2.10) that for J small,

C(E—xg) > (2.11)
2p

Then, we have a third order Taylor expansion, valid for |z| small,

2 3
C1(2) = €T (0)=2(C ) O+ (CTV (@ +Z(CT)" (O)  101<I

(2.12)

Recall that

10O = | dx ) = 0] )| <K 13)

Then, for é small, we can take z = C(0) in (2.12), and from (2.9) and (2.10)
we obtain
P [ dx [m(x) —¢.(x)] ¢ (x)
1—p [ dx [m(x)—de(x)] ¢ x)
3 (J dx [m(x) = ¢, (x)] ¢5,(x))
2

([ dx [m(x) = $.,()] §1(x))°
6

E—xo=

(€7H"(0)

(CH"®  (214)
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By Lemma 4.1 of ref 2, the process m, starting from $,, satisfies, for
suitable positive constants ¢, and any integer n,

P(F(xo))=1—c,e" (2.15)
where
F(xo)={m,eS, (") Vt<T,} (2.16)

Then, for any ¢ small enough, we can take m =my, in formula (2.14) in the
set F,(x,). Taking expectations, and observing that {7 —xo— feT,| <
k.e~!, from (1.8), (2.10) and after computing (C )" (0) we get that, for
any given n,

IE(fI; — xo— feT,)|
< B[ 17, — X0 BoT, | 1(Fi(x0)))1 + | EL(Er, — %o — BT F(xo) 1|
<ole")+ || 1o [ dstimz,~ 4. 8, + 7. |

E’I(Fe(xo))jdx(mn—‘/’xo) b dx(mr,—be,) 2,
&7, —x0)
AP LN ) #)? C"(Er,— %o)
2( Cl(érz —X,))?

+ |1 x0) ([ dstm, 9. 5,

3 C-—l " 0
M’ 2.17)
6
where we use o(¢”) to indicate a term that goes to zero faster than ¢&”. Let
us see now how to estimate the last three expectations in the r.h.s. of (2.17).
From (2.11), if ¢ is sufficiently small,

l 1(F(xo))
C'(&r,—xo)
Also, recall that m,—¢, can be approximated by the Gaussian process

£ ZXO. More precisely, for any ae(0, 1), we have (see formula (4.83) in
ref. 2)

<2p (2.18)

UG a, xo)) Im,— b — /& Z, (-, Dl <kse' ~2T2  VIST, (219)
where the set G,(a, x,) satisfies

Ga, xo) = {IZ, (-, D <e™*(t v )2 Ve <e™?) (2.20)
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and there are positive constants ¢, such that, for any integer n,
P(Gy(a, x)) =1 —c,e" (2.21)

We refer to Proposition 5.4 of ref. 2 for proofs and details. Also, from
(3.10) of ref. 2, we know that, given a as above, the set

A={lmy,—d . <eP7% (2.22)
satisfies
PA)=1 —c,e" (2.23)

Finally, one computes
C"(&7,—xo) = [ dxtmz, — de,) 91, (224)

Hereafter we will assume a e (0, %), it will be taken smaller later. From
(2.19) and (2.21), we get that, for any p > 1, there exist constants c, such
that

E } 1(F,(xo)) (f dx(mz, = $,) ¢&o>p

R P
<c,E } 1(Fx0) Gl x0) [ dstng,— b2y = /o 2o T ) |

” P
+ cpap/ZE j dx Zxo( ) Te) ¢fx0 + 0(8n)

Scplks[e' 7*T2]7 + [¢T,]177) (2.25)

where in the last line we have used that | dx Zxo(x, t) ¢%,(x) is a Brownian
motion with diffusion coefficient D,, satisfying

2
E[ [ x g () 2, (x, t)] =0, E[ [ dx g (%) 2., 1)] =D,

and lim

=0+

Da—l’ =0 (2.26)
p

(as follows from (2.4), or see Proposition 5.4 of ref. 2). Inequality (2.25)
for p = 3 yields, after observing that (C ~!)" is bounded in a neighbourhood
of zero, that the last expectation in the rhs. of (2.17) is less than
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ko[ (e'=2T2)3 + (¢T,)*?]. From the Cauchy-Schwarz inequality, (2.18),
(2.22), (2.23), (2.24) and (2.25), we get that the second and third expecta-
tions in the r.h.s. of (2.17) are less than ks[e' ~2*T2+ (eT,)"2] "2~ We
have then proved that, for @ small,

|ES 7, — X0 — BeT, |

<o6Tie)+ || p1(F ) [dema b vper, || @2

We are left with the estimate of the last term in (2.27); we multiply both
sides of the integral equation (2.3) by ¢, , we expand the potential and
recall that

[dx (x99 9 () =41 (x) V520, VxoeR (2.28)
We obtain then the equation

[ axtmz,—4,) .,

_ joT‘dt [ axtm,~ ,,)? V’"(d”‘") 3

V/III 9
—j dt | dx(m,~ ¢,)* ——* ( 2 Wt e [dx g2 (T (229)
with 8, a suitable continuous function on R such that ¢, Am,<0,<

¢, v m,.
° Then (2.15), (2.26) and the Cauchy-Schwarz inequality yield

] 150 [ de 1,0 2 T || <(Tugery® 230

Taking expectations, from (2.29) and (2.30) we get

[£] p1F 50 [ dsom,— 0. 2, + 40T, |

V"’(¢ ) .,

< p1(rgwon [ [ axtm,— 0.2 g~ o, |

Vlllf(a ) ¢ ]

+p ’E [ 1(F(xo)) LT‘ dr j dx(m,— ¢, ——2 ¢ ||+o(em  (231)
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Let us estimate now the first expectation on the r.h.s. of (2.31). Since in
F(x,) the integral inside the expectation is bounded by k4T, from (2.21),
with an error o(¢”) we can restrict the expectatxon to the set F,(xy) N
G.(a, x,). Then, by adding and subtracting f Z ) to (m,—¢, ) and
by estimating as in (2.25), from (2.19) and (2.21) we get

V()
2 o

T2
E[p1Eaxon [t [ st 0,7 —per. |
0T£
< )E[ 1(F(x0) " G(a xo)) | dr j dx
0

. VI// .
X (M, = b — /€ Z( 1 1) —(z‘uff)'xo]

[ (x0) NG (a, xo))jredtfdx

0

X(mt_qsxo_\/gZAxo( y t)) Zxo( ] t) Vm(¢xo) ;O:I

TE
i E[pl(Fs(xo)nGe(a,xo))j dtjdx
0
; V() .
XZxO("t) 2 ¢x0_ﬂTe] +0(8 ) (232)

By (2.19) and (2.20) we conclude that the first two expectations on the
r.hs. of (2.32) are o(¢) if we take a small. By the same reasoning, it can be
seen that the same holds for the last expectation in (2.31). According to
that, from (2.27) and (2.31), the proof of (2.7) is complete if we show that

V"(§,)

2 o)

‘E { PU(F(x0) N G (a, x,)) LTE di [ dx 2., 1)®
(2.33)

_,,»T}

as ¢— 0". From (2.15), (2.21) and (2.26), (2.33) is equivalent to

A

7, V"(hy) .
dz(jdx—z—d)xopE[zxo(.,:) ]—ﬁ)‘zO(l) as £—0% (2.34)
0

v
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Next, observe that

-1

E[Z,(x 1)]= L: ds j ’ Ly

2
><< Y 8% y+4jeThs) + gy (xdje 427 — y, S)>

jeZ

6
=3 ILi(x 1) (2.35)
i=0

where
H
Io(x, t) = L ds J dy gy (%, ¥, 8)?

ILi(x, )= —J' ds.[

. Ay gx(%, yy5)?

Iyl>e~
-1

t e
L )= de [ dygo(x 27 =y, s)?

—e—

t e~
Lx=2] ds[  dyge(n2e™' = y.5) gl 2.5)

-1

Lix, 1) =2 L dsJ |y g% »,)

&

X< Z gxo(xa y+4j8_19 S)+gxo(x7 4j£_1+2£-1 -V S)>
j#0
-1

Is(x, t)=2j dsfe g%, 2t~ —y,5)

0 €

-~

X ( Y 8x(x y+4jeTh s)+ g (x, 4je T + 267 — y, s)>
j#0

Ig(x, 1) =L' ds r_l dy

—e1

2
X< Z gxo(x’ y+4j8_13 S) + gxo(x5 4j8_l +28_l — S))
J#0

It is not difficult to see that

TB
lim j dt J dx I(x, 1) V"($(x) $(x)=0  Vi=1,2,3,4,56 (2.36)
e—=0* Jo
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so (2.34) follows once we prove

T, t V X
2 ' .
‘p JO dt (L ds f dx f dy gx(% ¥, ) — ¢ (%) ﬁ)‘
=0(1) as ¢—-07% (2.37)
Recalling (1.8) and (2.28), we get that

V"(44,(x))
2

J dx j dy g.(x, ,5)° Prl(x)

V”,( X
= [ dx [ Al 3, 5) — ph) ¢;,,<y>>2—¢2—°@ (%)

VNI
——(¢2"°(x)) L(x)? (2.38)

%0

+pjdx

Since the derivatives of ¢, vanish at + oo (see ref. 9 for general properties
of travelling fronts), integrating by parts twice and using (1.5) we have

[ ax v(p. )@ = [ ax g,62, =0 (239)

so that, recalling also that g, (x + xo, ¥+ X0, 5) = g(x, y, s) for any 520,
from the definition (1.13), (2.38) and (2.39), (2.37) becomes

=0(1)
(2.40)

T, [='e)
’2—’ jo dt f, ds [ dx [ dy V"(4(x)) §'(x)(&(x, 1, $)—p¢(x) $'(1))?

as ¢ - 0%. We have now

T, =]
J"de [ ds [ dx [ dy 1 (906)) ¢ (x)elx, 32 )= pd () $()?

<

1 1
[ [ ds [ e [ dy v (8(x) ¢ ()alx. 3. 5) — 8 (2) §'0))2

+

1 ©
J de [ ds [ [ dy V(800 ¢l 3. 5) =i () #'(3))?

+

TS [¢'s]
L dtjt ds [ dx [ dy V"(9(x)) #'(x)(g(x, 3, ) — p#'(x) ()2
(2.41)
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From the Feynman—Kac representation for g, see (3.15) below, it is easy to
see that the first integral in the r.hs. of (2.41) is bounded. For the other
two, since sup, . Supy, ,<r &(X, », t) is finite, we can apply Lemma 2.1 to
get

U dx [ dy V"(8(x)) $'(x)8(x, 3, 5)— pd'(x) ¢/ ()| < hee ™

Then, the Lh.s of (2.41) is bounded and so (2.7) is proved.

Proof of Theorem 1.1. Let us consider, as in ref. 2, a discretization
of the process X3. Fix

b<L, n=[e"1°), T,=ne b t,=nT, (242)
define
Y, =&, — X, for t,<t<t,,4 (2.43)
and set
Y=Y, ., (2.44)
Recall that Y? is precisely X2 when 7 =¢f,,. We shall see that

Yi- X, as ¢—0* (2.45)

weakly in D[0, T], with X as in (1.12). Following ref. 2, let
M=y [ dty, (1) (246)
1]
and
No=(M22— [ dty,, (1) (247)
0

where

yu () = yi(t,) if e, <t<et, <1
bT 0 otherwise



1128 Brassesco and Butta

with
n(t)=(eT,) E[Y, Y, |Z]
and
pata)=(eT) " (E[ Y2 — Y2 | %]
-E[Y, Y |#1ELY, +Y |#]) (2.48)

It is not difficult to see that M¢ and N? are martingales with respect to the
filtration # ¢ generated by the noise up to time &'t (we refer to ref. 2 for
details). Moreover, by Theorem 2.6.2 of ref. 6, the condition

sup E(y}(t))<c¢, i=1,2 (2.49)

t,,<e_lT

for some positive constant ¢, implies the tightness of the family P° of the
laws of Y2 in the space D[0, T], and the condition

im sup (eT,)"'E[(Y,, —Y, )*]=0 (2.50)

£0t 4 <emIT

implies that any limit point P of P? has support in the space of continuous
functions (see Theorem 2.7.8 in ref. 6). We will see that (2.49) and (2.50)
are satisfied in our case. To identify the limit, we will show that

lim sup E[(eT,) 'E[Y,

+ n+1
g—>0% 4 <o iT

—Y, —peT. | #,11=0 (251)

and

lim sup Elp—(eT,) ' ELY] —Y2|#]1=0 (2.52)

e—>0% ¢ <emIT " " "
From (2.51) and (2.52) it is easy to conclude that Y,—ft and
(Y,— pt)® — pt are &, martingales and so, from Levy’s characterization of
Brownian motion, the limiting law is unique, and given by (1.12). Let us
prove now (2.49), (2.50), (2.51) and (2.52).

Proof of (2.49). From (4.46) of ref. 2 (that holds also for nonsym-
metric potentials), the strong Markov property, the fact that |£,|<e™!,
and Lemma 4.1 of ref. 2, it is enough to prove

E[y*(te)]1<e, i=1,2 (2.53)
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in the case the process starts from some instanton ¢, , with |xo|<
(1—¢/2)e~L. But

E[ y%(tﬁ)] <2(87"3)_2 (IEéT,_xo_ﬁz Te|2+ﬂ2(8Te)2)
which is bounded from (2.7) if we choose a < 5;. By (2.48)
E[y3(t0)1=(eT,) > (L E(& 7, — Xo)*] — (E[¢ 7, — %01)%)?

s0 (2.53) for i =2 follows from (2.6).

Proof of (2.50). By the same reasoning used in the beginning of the
proof of (2.49) it is enough to show that

lim (eT,)=" E |é5 —xo|*=0 (2.54)
g0t £

with initial condition an instanton. But (2.54) follows from (2.6).

Proof of (2.61) and (2.52). Taking a < +; in (2.7), we obtain from
(2.42) that

lim_(cT,)=" |E[ ¥, — BeT,]| =0 (2.55)
e—0+

As in the beginning of the proof of (2.49), it can be seen that (2.55) implies
(2.51). Analogously (2.52) follows from

lim, E|p—(eT,) " [¢r,—X0]* =0 (2.56)

To prove (2.56), square equation (2.14), with m,, restricting then to the
set F,(x,) as in (2,17). It can be seen, after estimates similar to that of the
terms in (2.17), that

Bler,~xol* =B | ([ drtmr, 0. 8, ) | +2

where

lim, (eT,)~" |98 =0 (2.57)
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To get (2.56) from (2.57) it is then enough to prove that
1 2 ]
Jim T E| ([axtmr 008 ) [ =5 259

But, from (2.29) we have that

2| (] dstmz,— . )]
=E[S2+£<jdx¢;ozxn( >—2\[dex¢xo xol Te):|

where S stands for the sum of the first two integrals on the r.h.s. of (2.29).

From (2.26),
L C(

Also, proceeding as in the proof of (2.57) it is not difficult to see that

lim (eT,) ' ES?*=0 (2.59)
e—0*t

which implies (2.58), and so (1.12) is proved.

It is an easy consequence of Lemma 2.1 that the drift § is finite. But
it could be zero in principle. We will show in the next section that this is
not the case in general, and that (1.14) holds, thus concluding the proof of
Theorem 1.1.

3. PROOF OF THEOREM 1.1: LAST PART

We will prove (1.14) in this section. The expression (1.13) for f§
involves a rather complicated dependence on A and I" and, as we have
already explained, we could not say anything about the sign of § directly,
even for particular simple 7. In what follows, we suppose I is given, and
we write explicitely the dependence on 4 of 8, p, g and ¢:

B=p(A); p=p(4); g(x, y, t)=g(,1)(x, »it); ¢(x)=¢(,1)(x)

With some abuse of notation with respect to the previous sections, we
simply put

B(0) = Bo; p(0) = po; 8wy = 8o ¢(0)=¢0
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The expression (1.13) for the drift = $(1) looks then

A
B =22 [ e [ [ dgiats, 7,0 = p(2) iaf) B )Y

X day(x) V" (xy(x)) (3.1)

Then, we proceed to compute the right derivative of # with respect
to A. Since fo=0, the sign of this derivative gives the sign of § in some
small interval (0, o).

Lemma 3.1.

d,
B0y = [ e [ e [ dyw() Vo) + T (Bule) i) 950)

3
x (go(x, 7.0= 3 865) 440
—Z [T e [ ax [ dy g6 Vo) W)

3
x (go(x, 70— 3 865) 4 ) (32)
where Vy(m)=m*/4 —m?/2 and

¢0(J’))
do(»)?

Proof. Recall that we are using primes (') to denote spatial
derivatives. Differentiating (3.1) we obtain

PO=2 [ an [atx [ ay2 (glx 311 =3 640) 400 ) 40) V5Bl

W) =244x) [ dy (3.3)

(803 .= p0) $) =¥/ 5) )~ 4 ¥ )

+% Lw dtjdxjdy
d

3 2
(o5 2.0 = 6400 4400)) 57 (B V"))

(x) (34
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where we used that

po=3 (35)
and
g t 2 { 1) (3.6)
&x, y, )_d,l S\ X% ¥, o :
d . d
l//(x)=a¢(/1)(x) o and p=ﬂp(i)j=o (3.7)
Recalling (2.28), and observing that
d
E((ﬁ’(z) V"(@x)) (x) =LY V5(do)+ I'"(do)] (x)
A=0
{3.4) becomes
ag .3
SO =3 +1) (38)

where
. ® 3 t "
B2 [ s [y (a7, 0300 64000 ) 4430 Vo)
3
«(8n 7 0 -3 00 ) (39)

B[ an [ax [y (oo 3 01=3 80 40 )

X[YV5(do) +1"(40)]" (x) (3.10)

Let us now compute i and g.

Computation of w. Recall that ¢ is the solution of (1.5) that
satisfies @;(0) =0, and that ¢;,>0 (see ref. 9 for details). Multiplying
both sides of the equation in (1.5) by ¢{,, we obtain

((¢01)?) =4(V(d ) (3.11)
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Since from our hypothesis V(¢ y(—0))=W(—1)=—1, by integrating
(3.11) we get

(D) =4V () +3)
so that, recalling that V(u)> — 3,

¢21) =1
2(M(dwy) +1/4)17

Integrating this last expression from 0 to x, and replacing ¥ by its defini-
tion, we obtain an implicit formula for ¢,

B(1)(x)
j dz H(}, z) = x (3.12)
0
where
7zt 221 -2
H(l,z)—§<z—5+z+ll“(z)>

Differentiating (3.12) with respect to A and evaluating at 0, by using the
definition (3.7), we get

(15 0
HO, do(0) v() + [ 2 57.(0,2)=0

Recalling the definition of H and substituting in the above formula, we
have

_ (L= ¢5(x)) (% I'(z)
W) === | “p—2h)p (313)
Since ¢4 =tanh,
1—¢5(x) =do(x) (3.14)

which substituting in (3.13) yields (3.3).

Computation of g. By the Feynman—Kac formula,

g%, y, ) dy = E[e 504 V"G BN (BX e dy)] (3.15)
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for B a Brownian motion starting at x, and 1(-) the indicator function of

a set. Differentiating (3.15) with respect to 4 and evaluating at A =0 we
obtain

&(x, y, ) dy

= | e~ [ ds (VGBI DB (ol BN 1B e )|

t —(x—2)%/2s ,
= —f dsfdz———— E[e fod Vi@o(BD)
0 2ns

X (V5(@o( B Y(BS) + I'(bo(BY))) (B edy) | By =12]

Now, decomposing the integral and using standard properties of Brownian
motion, we obtain

E[e~lod V8B (V2o BX)) Y(BE) + I"(¢o( BX))) 1B €dy) | BY =z]
=(Vi($o(2)) Y(2) + T ($o(2))) E[e~5o# Via(BIN | B = 7]

x E[e~10 @ Vi@ (B2 edy)],
so we have
. rt
8x 3 1)= =] ds [ d=(V§(6o(2)) ¥12)

+F”(¢0(2))) gO(Zs y’t_s) gO(X, Z’S) (316)

Now, we are going to obtain a simpler expression for I; (see (3.9)).
From the equation for g, it is not difficult to obtain that

J; ds [ e V3(8a(x)) $506) golz. %, 0 =) gy, 3.9

0 J
= —<5 golz, ¥, ’)+é} 8olz, ys t)) (3.17)

From the expression (3.16) for g, after interchanging the order of the
integrals and using (2.28), from (3.17) we get
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2 [dy [ (ol 7.1 =3 4400) 400) ) VE(Bolx) ) 25 31
= =2 [dy [ el 3.0 =3 400 40 ) V5Bl i)
x[[ds [ (V50020 W(2) + T (9l2) (2, . 1=5) gl 2.5)
= =2 [dsV50u(2) W)+ PGl [ (ol 00— 42 4l )
x [ ds [ dx V5(9sx)) i) alx, 3, 1) golx. 2.9)
=2 [ ds VYN W)+ o) [y gz 201 =5 620 44001 )
X <% golz, y, 1) +% 2oz, ¥, t)) (3.18)
Next, recall that

3 0
[y (utz 301 -3 6442 8600 ) 5 ol 1)

3} , Vs 3, ,
= [ B0 (0= 04tz )

9
3

N | —

3
(go<z, 2203 ¢:,<z)2) (3.19)

]

and

3 0
fdy <go(z, »it) ~7 #o(z) ¢6(y)> P golz, y, t)

B

#i(z) [ dy $4(») go(z, 3, 1) (3.20)
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From (3.18), (3.19) and (3.20), we obtain for I, (see (3.9))

1=2 [ dt [ dz (0(2) V3(@a(2) + T"(9ol))
|5 25 (20te 2205 0402 )45 0402 [ 400) et )|
3 [T e [y it VGl 9)

3
(a0 =3 840 4600 (321)

Turning now to I,, we integrate (3.10) with respect to y, using the semi-
group property, and then integrate by parts with respect to x. This yields

w 0 3
L= [ dt [ a0 V3Gl + 0ol 3 322005 il
(3.22)
Recalling that § dy ¢g(y) do(¥) =0, inserting (3.21) and (3.22) into (3.8),
one gets (3.2).

We need to simplify (3.2). To do so, we integrate first with respect
to t.

Proposition 3.2. The function

G )= [t (ox 3 0) =3 400 40

is the generalized Green function for the operator

1 4?

bo=34

— Vo(do(x))

acting on the functions bounded at + co.

Remark. Since 0 is an eigenvalue for L, the Green function for L,
does not exist. The generalized Green function permits to invert L, in the
subspace orthogonal to that generated by the eigenfunctions corresponding
to 0, in our case, ¢g. (See pp. 353-357 of ref. 5 for details.)
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Proof of Proposition 3.2. According to ref. 5, it is enough to check
that G is continuous as a function of (x, y), of class C? if x # y, bounded
at + oo as a function of x for each fixed y, and:

3 .

LoG=7¢o(x) do(y) if x#y (3.23)
dG|1*= y+0

e R (3.24)

[ ax 6(x, ) 1) =0, (3.25)

and this is easy.

Proposition 3.3. The generalized Green function for the operator
L, (with the boundary conditions stipulated above) is:

G(x, y) = {%(%(y) up(x) + do(x) uy(y) +306(x) do(»))  if x<y
’ FPo(y) ur(x) + duo(x) uo(¥) + 300(x) $o(»))  if x=p
(3.26)
where u, and u, are defined in (3.29) and (3.28) respectively.
Proof. To obtain the Green function we need to solve
Lou=¢g (3.27)
If we suppose that u= ¢ F for some function F, using that ¢g=2Vy(do),

we get
(F'$2) =24

which can be integrated twice, yielding

ux) =) [y (5 & 4362

O (y)J

where ¢ is a constant that we will choose conveniently. Using (3.14), we
have that

€ +2¢0(y) — 2/3¢3(y))

u(x) = Po(x) f: dy ( $(»)
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Taking ¢ = —3%, we get a solution of (3.27), which is bounded at + co. Let
us call it .

2 x y —2(1 —
() =3 i) [ ay (Rt
0

Moreover, after a change of variables, and performing the integrals,

2 ¢ wdw 4 $o(x) aw
() =3 94(x) | (T

(1—w?)? 37° 1—w)E(1 +w)?

—2x '
€ +l__2_ ,O(x)_‘ﬁo;x)_x‘f’;(x)

(3.28)

Clearly, the function uy(x)=u,(—x) is a solution of (3.27) bounded at
—00:
e 1

U(x) =—

Po(x) | xPo(x)
s 3T A

o)+ 280

> 5 (3.29)

Now, consider the function G(x, y)

3x y)={%(¢3(y) w0+ u(y) il x<y
s %(¢6(y)u1(x)+¢6(X) uo( ) if x>y

It is easy to see that G is continuous in (x, y), C*® if x+# y, and satisfies
(3.23). For (3.24), we have

x=y4+0 3

a6,
DT S = ) () =) 1)

dx

xX=y—

Since Lo¢y = Lo(u, —uy) =0, the previous expression is constant. Evaluat-
ing it for instance at 0, we get easily (3.24) from (3.28) and (3.29).
Then, observe that if we take

G(x, y) = G(x, y) +¢o(x) A(y) (3.30)

this G satisfies (3.23), (3.24) and the regularity conditions prescribed, for
any regular 4. To obtain the generalized Green function we must choose
A such that (3.30) satisfies (3.25). This gives

[ dx Glx, y) dolx)

3 !
A= = rmr =i [dxGoe max)  (331)
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It is easy to see from the definitions that A(y)—> 0 as y —» +co, and also
that Lo4=0, so it has to be A(y)=a¢y(y) for some constant a. To
evaluate a, let us compute —3 {dx G(x,0) ¢'(x). Since uo(0)=u;(0)=0

and u(x) =u,(—x),

[ ax G(x, 0) ¢0(x) dx
o 1 ro
=%[é [ dvem ) +3 [ dx gt
2 o 1 peo 1
3 [T o =3 [ de it b =3 [ dextiin?| a32)

Let us compute the previous integrals. Recalling that ¢,=tanh, and

$o=1—¢¢",

Lo g I 1 N1 1
EL dxe ¢°(x)_3Ld“<1+u_(1+u)2>_3]°g2_6

1 o , _l
5 jo dx gi(x) =

ol

2 2 (>
31, dx =3 [ de i1 —do(x)?) =

1 (= 1
3 [ e dix) golx) =

1 o v y2_ X sinh(x) 1
3 L dx x¢o(x) ~ 6 cosh®(x) 12 cosh(x)
1/ —2xe™ ™ —2ey )|
+§<cosh(x) +log2—log(l +e )) .
1 1
_§log2—ﬁ

Putting all this together, we have
, 5
fax 6(x, 0) g3 = =3

which, from (3.30), (3.31) and the discussion above yields (3.26). Now, we
are able to simplify (3.2).
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Proof of {1.14). The expression (3.2) in terms of G is

d 9
B 0)= 2 [ dx [ dyw(x) V59x)) + I (6ol0) d60x) 853 G, »)
— o [ dx [ dy 84067 V(8000 W) G5, ) (333)

From (3.26), after the computation of the corresponding integrals, (that we
do not report here), one obtains

[ dy #4(») Glx, ) = —xdix) (3.34)

and

[ ax gi(x Vi((80(x)) Glx, ) = —45() (3.35)

Recall that x¢g(x) is orthogonal to ¢g(x), and that Lo(xds(x))=dg(x).
Then, from Proposition 3.2 and the subsequent Remark, (3.34) has to be
true. The same reasoning applies to (3.35). From (3.34) and (3.35) we have

d,
0=~ ([ dstwt) V518 + I (0u(00) x8itx2

~[axyin 3(x)) (3.36)

Then, from (3.3), it is not difficult to compute

J e woy i =5 [ T P (1= ol 2
X (4= T9(x) + 1896 = 9o(x)) (337
J PGl s = =2 [ s TR (g4 )1 = ol

(3.38)
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and finally, using (3.3) and V§(u)=6u,

[ dx Vi(dolx) wix) xgi(xy?

—12 j dx $o(x) xB)(x)? j dy ¢,¢(°()y2))
© T'(do(y))
-2 s
1 460 gold)* 40\ 4 9o3) daly) . boly)’
x[y<6_2+2—6>+45_30_6+9]
(3.39)

Substituting (3.37), (3.38) and (3.39) in (3.36), and changing variables, one
gets (1.14).

Remark. The Green function G(x, y) is only used to compute (3.34)
and (3.35), so one could have only written these two formulas, that can be
checked (once one knows them!) by observing that they satisfy the corre-
sponding equations plus the orthogonality conditions. We think however
that it is worth exhibiting the explicit form, as well as the derivation of G,
since it seems to be not known, and may be useful in another contexts.
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